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Abstract. The spreading properties of the stationary states of the quantum multidimensional harmonic
oscillator are analytically discussed by means of the main dispersion measures (radial expectation values)
and the fundamental entropy-like quantities (Fisher information, Shannon and Re´nyi entropies, disequi-
librium) of its quantum probability distribution together with their associated uncertainty relations. They
are explicitly given, at times in a closed compact form, by means of the potential parameters (oscillator
strength, dimensionality, D) and the hyperquantum numbers (nr, µ1, µ2, . . . , µD−1) which characterize the
state. Emphasis is placed on the highly-excited Rydberg (high radial hyperquantum number nr, fixed D)
and the high-dimensional (high D, fixed hyperquantum numbers) states. We have used a methodology
where the theoretical determination of the integral functionals of the Laguerre and Gegenbauer polyno-
mials, which describe the spreading quantities, leans heavily on the algebraic properties and asymptotical
behavior of some weighted Lq-norms of these orthogonal functions.
PACS. 89.70.Cf Entropy and other measures of information – 03.65.-w Quantum Mechanics – 03.65.Ge
Solutions of wave equations: Bound states
1 Introduction
The spatial localization/delocalization of quantum systems with high precision and its quantification play a central
role in quantum mechanics. Presently the modern quantum technologies are making possible the actual realization
of such experiments. The investigations have been driven by the possibility of practical applications including laser
cooling and trapping, nanolithography and many other areas of atomic and molecular physics as well as classical and
quantum information. While this uncertainty quantification was originally formulated in terms of variances and their
generalization (the radial expectation values), they have later been successfully expressed with entropies of Fisher and
Shannon types, and their generalization (particularly the Re´nyi entropies) in a much more appropriate manner.
The determination of these dispersion and entropy-like quantities for arbitrary quantum states is a formidable
numerical task and certainly an impossible analytical task, except for a few solvable quantum-mechanical potentials
which allow to model the mean field of numerous many-body systems. The spacial delocalization of physical systems
with solvable quantum-mechanical potentials is an exciting, wide, rapidly progressing, cross-disciplinary topic, and
that very nature makes it both attractive and hard to enter.
In this paper, we provide in part the tremendous advances made for quantifying the spacial delocalization of the
multidimensional harmonic oscillator-like systems over the last two decades. The multidimensional harmonic oscillator
is the most familiar confinement model to describe the structure of tightly bound systems with strong localization (see
e.g. [1]). Undeniably, this harmonic system (i.e., a particle moving under the action of a quadratic potential) in one-
and many dimensions is, together with the hydrogenic system, the most fundamental and far-reaching example in theo-
retical physics [2,3,4,5,6]. In spite of its simplicity, it plays a significant role from the early days of quantum mechanics
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[7] where it describes the behavior of systems close to an equilibrium position. For example, the low-energy spectrum
of almost any quantum system is well described by an harmonic oscillator as can be shown, not only qualitatively
but also quantitatively, by use of the elementary and supersymmetric quantum mechanics [8,9]. Moreover, the energy
spectrum of light and heavy atoms and molecules up until the proteines can be quite well fitted by means of the two
parameters which characterize an effective multidimensional harmonic oscillator, the frequency and the dimensionality
D. The multidimensional character of the system is justified not only for string theorists and cosmologists arguing that
the best way to explain all forces of physics is via the idea of higher dimensions [10,11], but also because numerous
physico-chemical phenomena of natural systems in our three-dimensional world can be explained via D-dimensional
quantum mechanical quantities/objects with D other than three in a much simpler and elegant manner [12,13,14,15].
Nowadays there exists an increasing interest for multidimensional harmonic oscillators from neural networks [16],
fractional and quantum statistics [17,18,19,20,21], classical and quantum information [22,23,24,25,26,27,28,29,30],
high-energy physics [15,31] to quantum chemistry and atomic and molecular physics [6,32,33,34,35,36,37].
In this work we discuss the spatial spreading of the probability density ρ(r), r ∈ RD, of these harmonic systems
by means of the dispersion-like measures (radial expectation values) and the information-theoretic entropies of local
(Fisher information [25]) and global (Shannon and Re´nyi entropies [38,39,40]) character. Both dispersion and entropy
measures reflect concentration but their respective metrics for concentration are different. Unlike the former ones
measure concentration only around a specific point (e.g., mean, origin,...) of RD, the latter ones quantify diffuseness
of the density irrespective of the location(s) of concentration. The Fisher information, which is a gradient functional
of the density, quantifies the concentration of the probability density around its nodes. The Shannon and Re´nyi en-
tropies, which are logarithmic and power-like functionals of the density respectively, quantify the macroscopic facets
of the density all over the multidimensional space. These entropy-like measures, which are the basic variables of the
information theory of classical and quantum systems [41,42,43], are much more appropriate uncertainty measures
than the (dispersion-like) Heisenberg measures. This is basically because the latter ones depend on a specific point of
the domain of the density and give a large weight to the tails of the distribution (see e.g., [44]), what is only true for
some particular distributions such as those which fall off exponentially.
We show that these spreading quantities are analytically expressed in terms of the potential parameters and the
hyperquantum numbers of the quantum oscillator states by use of a methodology based on the algebraic properties
and techniques of the special functions of mathematical physics [24,45], such as e.g. the logarithmic potential and lin-
earization methods of the orthogonal polynomials which control the corresponding wavefunctions. This methodology
is, however, computationally demanding for the extreme states with high and very high values of the radial quantum
number and/or the space dimensionality, since then the highly oscillatory nature of the integral functional kernels of the
corresponding spreading measures renders ineffective the general analytical expressions and the conventional Gaussian
quadrature algorithms. For these special states, the highly-excited Rydberg states and the high-dimensional (pseudo-
classical) ones, we show that the weak* and strong degree-asymptotics [46,47,48] and the parameter-asymptotics [49]
of Laguerre and Gegenbauer polynomials allow us to find closed compact expressions for both the dispersion and
entropy-like measures.
The theoretical evaluation of the Shannon and Re´nyi entropies for the oscillator-like states is a formidable task per
se and respective to the determination of other uncertainty measures like the Heisenberg and Fisher information ones,
not only analytically but also numerically. The latter is basically because a naive numerical evaluation using quadra-
tures is not convenient due to the increasing number of integrable singularities when the radial hyperquantum number
is increasing, which spoils any attempt to achieve reasonable accuracy even for rather small hyperquantum number
[50]. We should here mention for completeness that these entropies have been determined for the multidimensional
hydrogenic states (see e.g. [51,52,53] and for a number of quantum states of various interesting three-dimensional
potentials of Hulthen, Yukawa and Po¨schl-Teller types [54,55,56], among others.
The purpose of this paper is three-fold: (a) to share with others this special-functions-based approach, which we
have found to be successful for multidimensional harmonic oscillators; this material could be used by other researchers
who want to develop delocalization outreach activities, (b) to provide a transparent step-by-step guide to other re-
searchers who are interested in getting hands-on experience and some familiarity with uncertainty quantification in
physical systems with solvable quantum potentials, and (c) to inspire others in the quantum uncertainty community
to contribute by coming up with new strategies based on this approach.
The structure of the paper is the following. In Section 2 we briefly describe the quantum-mechanical wavefunc-
tions and the associated probability densities of the D-dimensional harmonic oscillator (D-HO) in hyperspherical and
Cartesian coordinates. In Section 3 we discuss the dispersion measures (the radial expectation values) of the D-HO and
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their associated Heisenberg uncertainty relations, which are then applied to Rydberg states and to high-dimensional
oscillators. In Section 4 we analyze the entropy-like measures which quantify the multidimensional spreading of the
D-HO in position and momentum spaces (the Fisher information, the Shannon and Re´nyi entropies and the disequi-
librium) and their associated uncertainty relations in both Cartesian and hyperspherical units. This is done by using
techniques of potential theory and linearization of orthogonal polynomials. In Section 5 and 6 we explicitly study the
dispersion and entropy-like measures of the Rydberg and high-dimensional states of the D-HO by means of the weak*
and strong degree-asymptotics and the parameter-asymptotics of Laguerre and Gegenbauer polynomials, respectively.
Finally, some conclusions and various open problems are given.
2 The multidimensional harmonic oscillator: Basics
In this section we briefly describe in both Cartesian and hyperspherical coordinate systems the wavefunctions and
the associated probability densities for the discrete stationary states of the D-dimensional harmonic system in both
position and momentum spaces. This system corresponds to an isotropic harmonic oscillator described by the quantum-
mechanical potential VD(r) =
1
2ω
2r2, where r = |r| and the frequency ω is the oscillator strength. Later on, we give the
associated probability densities for the stationary quantum states of the system. Atomic units (i.e., ~ = me = e = 1)
are used throughout the paper.
2.1 The wavefunctions
The time-independent non-relativistic equation of the D-dimensional (D > 2) harmonic system is given by the
Schro¨dinger equation (
−1
2
∇
2
D + VD(r)
)
Ψ (r) = EΨ (r) , (1)
where∇D denotes theD-dimensional gradient operator, and the position vector r = (x1, . . . , xD) = (r, θ1, θ2, . . . , θD−1)
in Cartesian and hyperspherical units, respectively. Moreover, r ≡ |r| =
√∑D
i=1 x
2
i ∈ [0,+∞) and xi = r
(∏i−1
k=1 sin θk
)
cos θi
for 1 ≤ i ≤ D and with θi ∈ [0, pi), i < D − 1, θD−1 ≡ φ ∈ [0, 2pi).
The wavefunctions in Cartesian coordinates are known (see e.g. [27]) to be characterized by the Cartesian quantum
numbers {ni} ≡ (n1, n2, ..., nD) and described by the energetic eigenvalues
E{ni} =
(
N +
D
2
)
ω, with N =
D∑
i=1
ni ; ni = 0, 1, 2, . . . (2)
and the associated eigenfunctions
Ψ{ni}(r) = N e−
1
2α
′(x21+...+x
2
D)Hn1(
√
α′ x1) · · ·HnD (
√
α′ xD), (3)
where α′ = ω
1
4 , Hni(x) denotes the Hermite polynomial of degree ni orthogonal with respect the weight function
ω(x) = e−x
2
in (−∞,∞), and N denotes the normalization constant
N = 1√
2Nn1!n2! · · ·nD!
(
α′
pi
)D/4
.
On the other hand, working in hyperspherical coordinates, it is known that the wavefunctions are described [22] by
the energetic eigenvalues
En,l =
(
η +
3
2
)
ω =
(
2nr + l +
D
2
)
ω, with η = n+
D − 3
2
, n = 2nr + l (4)
and the associated eigenfunctions
Ψnr,l,{µ}(r) =
[
2nr!ω
l+D2
Γ (nr + l +
D
2 )
] 1
2
rle−
ω r2
2 L(l+D/2−1)nr (ω r2)Yl,{µ}(ΩD−1), (5)
Ψˆnr,l,{µ}(p) =
[
2nr!ω
−l−D2
Γ (nr + l +
D
2 )
] 1
2
ple−
p2
2ωL(l+D/2−1)nr
(
p2
ω
)
Yl,{µ}(ΩD−1) (6)
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in position and momentum spaces, respectively. Note that the momentum wavefunctions are the Fourier transform of
the position ones. The symbol L(α)n (x) denotes the orthogonal Laguerre polynomials [57] with respect to the weight
function ωα(x) = x
αe−x, α = l + D2 − 1, on the interval [0,∞). The angular part of the eigenfunctions are the
hyperspherical harmonics, Yl,{µ}(ΩD−1), defined [22,58,59] by
Yl,{µ}(ΩD−1) = 1√
2pi
eimθD−1
D−2∏
j=1
C˜
(αj+µj+1)
µj−µj+1 (cos θj) (sin θj)
µj+1 , (7)
with 2αj = D − j − 1 and C˜(λ)n (x), λ > − 12 , denotes the Gegenbauer polynomial of degree n and parameter λ which
satisfies the orthonormalization condition∫ 1
−1
C˜(λ)n (x)C˜
(λ)
m (x)ωλ(x)dx = δmn, (8)
where the weight function is given by ωλ(x) =
(
1− x2)λ− 12 .
Note that the wavefunctions are duly normalized so that
∫ ∣∣Ψη,l,{µ}(r)∣∣2 dr = ∫ ∣∣Ψη,l,{µ}(p)∣∣2 dp = 1, where the
D-dimensional volume elements are dr = rD−1dr dΩD−1 and dp = p
D−1dp dΩD−1 respectively, with the generalized
solid angle element
dΩD−1 =

D−2∏
j=1
(sin θj)
2αjdθj

 dθD−1,
and we have taken into account the normalization to unity of the hyperspherical harmonics given by
∫ |Yl,{µ}(ΩD−1)|2dΩD−1 =
1.
Let us also highlight that the oscillator wavefunctions in the hyperspherical coordinate system (r, θ1, θ2, . . . , θD−1)
are characterized by the D hyperquantum integer numbers (nr, l, {µ}) ≡ (nr, µ1, µ2, . . . , µD−1) with the values nr =
0, 1, 2, . . . , l = 0, 1, 2, . . . , and l ≡ µ1 ≥ µ2 ≥ . . . ≥ |µD−1| ≡ |m|.
2.2 The probability densities
The probability density of the D-dimensional isotropic harmonic oscillator in both Cartesian and hyperspherical
coordinate systems is given by the modulus squared of the corresponding eigenfunctions, obtaining the expressions
ρ{ni}(r) = |ψ{ni}(r)|2 = N 2 e−α
′(x21+x
2
2+...+x
2
D)H2n1(
√
α′ x1) · · ·H2nD(
√
α′ xD), (9)
and
ρnr,l,{µ}(r) =
2nr!ω
l+D2
Γ (nr + l +
D
2 )
r2le−ω r
2
[
L(l+D/2−1)nr (ω r2)
]2
× |Yl,{µ}(ΩD−1)|2
= 2ω
D
2 r˜1−
D
2 ωl+D/2−1(r˜) [L˜(l+D/2−1)n (r˜)]2 × |Yl,{µ}(ΩD−1)|2 (10)
≡ ρnr,l(r)× ρl,{µ}(ΩD−1) (11)
(where r˜ = ω r2 and ωα(x) = x
αe−x is the weight function with respect to which the Laguerre polynomials
{
L(α)n (x), L˜(α)n (x)
}
,
are orthogonal and orthonormal, respectively) for the position probability density, and the expressions
γ{ni}(p) = N˜ 2e−
1
α′
(p21+p
2
2+...+p
2
D)H2n1
(
p1√
α′
)
· · ·H2nD
(
pD√
α′
)
= α′−DρN
(
p
α′
)
(12)
with the normalization constant
N˜ = 1√
2Nn1!n2! · · ·nD!
(
1
piα′
)D/4
.
and
γnr ,l,{µ}(p) =
2nr!ω
−l−D2
Γ (nr + l +
D
2 )
p2le−
p2
ω
[
L(l+D/2−1)nr
(
p2
ω
)]2
|Yl,{µ}(ΩD−1)|2
=
1
ωD
ρ
(
p
ω
)
, (13)
for the momentum probability density, respectively.
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3 Dispersion measures, Heisenberg uncertainty, Rydberg states and high dimensional
oscillators
3.1 The radial expectation values
In this section we obtain the radial expectation values of the D-dimensional harmonic state (nr, l, {µ}) in both position
and momentum spaces, denoted by 〈rk〉 and 〈pk〉, respectively. Then, we apply the general resulting expressions to
some relevant cases such as the Rydberg oscillator states and the high-dimensional oscillator systems. Finally, the
associated Heisenberg uncertainty products are explicitly shown.
We start with the expressions given by Equations (10) and (13) of the position and momentum probability densities
of the system, respectively, obtaining the expressions [60,61]
〈rk〉 =
∫
RD
rkρnr,l,{µ}(r) dr =
Γ (nr + 1)ω
−k/2
Γ (nr + l+D/2)
∫ ∞
0
xα+
k
2 e−x[L(α)nr (x)]2 dx
= ω−
k
2
Γ
(
l + D+k2
)
Γ
(
l+ D2
) 3F2
(
−nr,−k
2
,
k
2
+ 1; l+
D
2
, 1; 1
)
(14)
= ω−
k
2
nr!
Γ
(
nr + l +
D
2
) nr∑
i=0
(
k/2
nr − i
)2 Γ (l+ D+k2 + i)
i!
(15)
(with x = ω r2, α = l +D/2− 1, k > −D − 2l) for the radial expectation values in position space, and
〈pk〉 =
∫
RD
pkγnr ,l,{µ}(p) dp = ω
k 〈rk〉 (16)
for the radial expectation values in momentum space. Note that we have made profit of the unity normalization of
the hyperspherical harmonics mentioned above, and we have used the symbol 3F2(1) which denotes the value of the
generalized hypergeometric function 3F2(z) at z = 1. This function is the generalized hypergemetric series [57] given
by
3F2 (a1, a2, a3; b1, b2; z) =
∞∑
j=0
(a1)j(a2)j(a3)j
(b1)j(b2)j
zj
j!
, (17)
(where (a)j = Γ (a + j)/Γ (a) denotes the well-known Pochhammer symbol) which is a terminating series when the
first one or more of the top parameters is a nonnegative integer, so that it reduces to a polynomial in z. Thus, 3F2(1)
is a terminating hypergeometric function (so, a polynomial) evaluated at z = 1; in fact, it is a discrete polynomial of
dual Hahn type [62,63]. From Equation (15) various relevant properties for the radial expectation values in position
space follow, such as the Kramer-like three-term recurrence relation (see also [6,64])
(k + 2)ω2 〈rk+2〉 = (k + 1)ω (2n+D)〈rk〉+ k
(
k2 −D2
4
− (l − 1)(l + k − 1)
)
〈rk−2〉, (18)
where n = 2nr + l as mentioned above. Note that this expression yields recurrence relations either between even
moments or between odd moments only. For instance, with the initial conditions
〈r0〉 = 1 and 〈r−2〉 = 1
L+ 1/2
ω (19)
(which easily follow from Equation (15)), the recurrence relation (18) gives the explicit expression for all the even
moments, such as e.g.
〈r−4〉 = η +
3
2(
L− 12
) (
L+ 12
) (
L+ 32
) ω2 (20)
〈r2〉 =
(
η +
3
2
)
ω−1 =
(
2nr + l +
D
2
)
ω−1 (21)
〈r4〉 = 1
2
[
3
(
η +
3
2
)2
−
(
L− 1
2
)(
L+
3
2
)]
ω−2, (22)
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where we should keep in mind that L = l + D−32 , η = n+
D−3
2 = 2nr + l +
D−3
2 = 2nr + L, and nr = 0, 1, 2, . . . On
the other hand, with the initial conditions (〈r〉, 〈r−1〉), the relation in Equation (18) gives all the odd moments. See
also [6,64,65,66] for further values and properties. Moreover, it is also possible to find the reflection formula [6,62]
〈r−k+2〉 = Γ
(
l+ D−k2 − 1
)
Γ
(
l + D+k2
) 〈rk〉, (23)
and
〈r−3〉 = 4ω
2
(D − 1 + 2 l) (D − 3 + 2 l) 〈r〉 (24)
The corresponding reflection formula for momentum expectation values easily follows from Eq. (16).
However, the computation of the expectation values is a formidable task for the oscillator states of Rydberg type
(high nr, fixed D) and for the high-dimensional oscillator systems. In these cases the highly oscillatory nature of the
corresponding integrands (see Equation (15)) creo que deberamos nombrar la primera expresin de 〈rk〉, justo la que
se encuentra por encima de la (14) porque es donde aparece la integral renders Gaussian quadrature ineffective as
the number of quadrature points grows linearly with n and evaluation of the involved high-degree polynomials are
subject to round-off errors. The calculation of the expectation values in these extreme cases require asymptotical
methodologies of highbrow character which supply a closed compact expression, as shown in the following.
3.2 Rydberg states
To calculate the position and momentum expectation values of the Rydberg states (i.e., states with a high or very
high radial quantum number nr) for the D-dimensional harmonic oscillator, we use a specific methodology based on
the weak*- asymptotics of Laguerre polynomials [47,67] which has allowed us to obtain the expressions
〈rk〉 ≃ (a nr) k2 2F1
(
−k
2
,
1
2
, 1;
2
s2
(−1 + s2 −
√
1− s2)
)
ω−
k
2 (25)
where a = 21−s (1 +
√
1− s2) and lim
nr→∞
l
nr
= s ∈ [0, 1). Then, when l is uniformly bounded (so that s = 0 and a = 4)
we get
〈rk〉 ≃ (4nr) k2
Γ
(
1+k
2
)
√
pi Γ
(
1 + k2
) ω−k2 (26)
with k > −1, which gives the following first position expectation values
〈r0〉 = 1 , 〈r〉 ≃ 2
pi
√
4nr ω
− 12 , 〈r2〉 ≃ 2nr ω−1, 〈r4〉 ≃ 6n2r ω−2. (27)
Then, the corresponding momentum expectation values 〈pk〉 = 〈rk〉ωk are
〈p0〉 = 1 , 〈p〉 ≃ 2
pi
√
4nr ω
1
2 , 〈p2〉 ≃ 2nr ω, 〈p4〉 ≃ 6n2r ω2. (28)
Note that Equation (26) gives the dominant term for the Rydberg expectation values 〈rk〉 with k > −1 which does
not depend on the oscillator dimensionality. To extend these results for k ≤ −1, to explicitly have the dimensionality
dependence and to uncover terms beyond the dominant one, it is necessary to use the strong asymptotics of the
Laguerre polynomials [46,48,68,69] what is an open problem. Let us also point out that e.g., Equations (19)-(22) and
Equation (27) are mutually consistent.
3.3 High-dimensional oscillators
To compute the expectation values for harmonic oscillators with high and very-high dimensionality D it is most
convenient to use a modern methodology based on the parameter-asymptotics [49] (see also Corollary 1 of Appendix
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A in [60]) of the integral functionals of Laguerre polynomials L(α)n (x) involved in Equation (15) lo mismo que en la
pgina anterior, creo que debera nombrarse la primera expresin de 〈rk〉, obtaining the position expectation values
〈rk〉 ≃ √2pi e−α α
α+nr+(k+1)/2
Γ (nr + l +D/2)
ω−k/2, α→∞ (29)
(with α = l + D/2 − 1) for the harmonic states with fixed l. The corresponding momentum expectation values
follow from Equation (16). Then, with the first order (z → ∞)-asymptotical expansion of the Gamma function [57],
Γ (z) ∼ √2pizz−1/2e−z, one easily has that
〈rk〉 ≃
(
D
2ω
) k
2
; 〈pk〉 ≃
(
Dω
2
) k
2
, for D >> 1. (30)
Note that, since the dependence on the quantum numbers is lost, the intrinsic quantum-mechanical structure of the
system gets hidden in the limit D →∞, what is a manifestation of the closeness to the (pseudo-) classical situation. In
addition, we observe the existence of a characteristic length for this system, rc =
(
D
2ω
) 1
2 at this pseudoclassical limit
since then we have that 〈r〉 → rc and 〈rk〉 → rkc . Moreover, from Equation (4) the energy behaves as E → ω D2 = ω2r2c .
This characteristic length corresponds to the distance at which the effective potential becomes a minimum and the
ground state probability distribution has a maximum [64]. Therefore, the D-dimensional oscillator in the D →∞ can
be viewed as a particle moving in a classical orbit of radius rc with energy E = ω
2r2c and angular momentum L = D/2.
3.4 Heisenberg uncertainty products
From Equations (15) and (16) one obtains the generalized Heisenberg uncertainty product
〈rk〉 〈pk〉 =
[
Γ
(
l + D+k2
)
Γ
(
l+ D2
) 3F2
(
−nr,−k
2
,
k
2
+ 1; l+
D
2
, 1; 1
)]2
, (31)
which does not dependence on the oscillator strength ω as expected because of the homogenous property of the
oscillator potential [70]. Moreover, for k = 2 it gives the familiar relation
〈r2〉〈p2〉 =
(
2nr + l +
D
2
)2
=
D2
4
{
1 +
1
D
(8nr + 4l) +
1
D2
[4(2nr + l)
2]
}
, (32)
which fulfills not only the celebrated Heisenberg uncertainty relation 〈r2〉〈p2〉 ≥ D24 of the general D-dimensional
quantum systems but, since nr ≥ 0, also the tighter Heisenberg uncertainty relation of the quantum systems subject
to any spherically-symmetric D-dimensional potential given [71] by
〈r2〉〈p2〉 ≥
(
l+
D
2
)2
. (33)
From Equation (32) one observes that this inequality gets saturated by the (nodeless) ground state of theD-dimensional
harmonic system. In addition note that, according to Equation (26), the generalized Heisenberg uncertainty product in
Equation (31) for Rydberg states of an oscillator system with a given dimensionality gets simplified in the framework
of the the weak*-asymptotics of Laguerre polynomials as
〈rk〉〈pk〉 ≃ (4nr)k pi−1
[
Γ
(
1+k
2
)
Γ
(
1 + k2
)
]2
(34)
when nr →∞ and l uniformly bounded. In the particular case k = 2 this product reduces to
〈r2〉〈p2〉 ≃ 4n2r. (35)
The explicit dependence on the dimensionality can be obtained by means of the strong asymptotics of the Laguerre
polynomials [68,46,48], as already mentioned.
Finally, from Equation (30), one has that the generalized Heisenberg uncertainty product in Equation (31) has the
simpler form
〈rk〉〈pk〉 =
(
D
2
)k (
1 +O
(
1
D
))
, (36)
for the generalized Heisenberg uncertainty product of the high-dimensional oscillator-like systems. Terms in this
expression beyond the first order can be obtained by using the (α → ∞)-asymptotics [49] (see also Corollary 1 of
Appendix A in [60]) of the abovementioned integral functionals of Laguerre polynomials.
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4 The entropy-like measures and entropic uncertainty
In this section we obtain the position and momentum entropy-like of Fisher, Shannon and Re´nyi types and the dise-
quilibrium for any D-dimensional harmonic state (nr, l, {µ}) denoted by F [ρ], S[ρ], Rq[ρ] and D[ρ], respectively. Then,
the associated position-momentum entropic uncertainty products are explicitly given. The convenience to use the
hyperspherical units or the Cartesian ones is discussed in each case.
Shortly, let us advance that (a) the Fisher information can be expressed directly in terms of the hyperspherical
quantum numbers, mainly because of the close similarity of its gradient-functional form and the multidimensional
kinetic energy of the oscillator-like system, and (b) the Shannon and Re´nyi entropies cannot be explicitly expressed
by hyperspherical quantum numbers, basically because these logarithmic and power-like quantities naturally depend
on some entropy-like integral functionals of the Laguerre and Gegenbauer orthogonal polynomials whose analytical
evaluation are not yet known despite so many efforts (see e.g. [22,24,72,73]). Below, we illustrate this difficult task by
analyzing in detail the evaluation of the simplest second-order Re´nyi entropy, the disequilibrium, in both hyperspherical
and Cartesian coordinate systems. Moreover, we also show later on that these global entropies can be analytically
determined in Cartesian hyperquantum units.
4.1 The Fisher information
The Fisher information for D-dimensional harmonic state (nr, l, {µ}) with the position probability density ρ(r) ≡
ρnr,l,{µ}(r) given by Equation (10), is defined by
F [ρnr ,l,{µ}] :=
∫
RD
|∇D ρnr,l,{µ}(r)|2
ρnr,l,{µ}(r)
dr. (37)
This quantity is a local spreading measure of the state’s density because it is a gradient functional of it. It quantifies
the concentration of the probability around the density nodes. Moreover, it describes a local uncertainty measure so
that the higher this quantity is, the more localized is the density, the smaller is the uncertainty and the higher is
the accuracy in predicting the localization of the particle. The corresponding quantity for the momentum probability
density γ(p) ≡ γnr ,l,{µ}(p) will be denoted by F [γ].
To calculate these two Fisher informations we first take into account that the oscillator potential is a central
potential and then we use the radial expectation values 〈rk〉 and 〈pk〉 with k = 2 and 2 given by Equation (19), (21)
and (16), obtaining
F [ρnr,l,{µ}] = 4〈p2〉 − 2|m|(2l +D − 2)〈r−2〉 = 4
(
η − |m|+ 3
2
)
ω (38)
= 4
(
2nr + l − |m|+ D
2
)
ω (39)
in position space, and
F
[
γnr,l,{µ}
]
= 4〈r2〉 − 2|m|(2l+D − 2)〈p−2〉 = 4
(
η − |m|+ 3
2
)
ω−1 (40)
= 4
(
2nr + l− |m|+ D
2
)
ω−1 (41)
in momentum space, which were previously found for three dimensional oscillators [74]. Note that these expressions
boil down in the ground state (i.e., nr = l = {µ} = 0) to the values
F [ρ0,0,{0}] = 4〈p2〉 = 2Dω; F
[
γ0,0,{0}
]
= 4〈r2〉 = 2Dω−1, (42)
which saturate the celebrated Stam inequalities for general quantum systems; i.e. the inequalities F [ρ] ≤ 4 〈p2〉 and
F [γ] ≤ 4 〈r2〉. Moreover, for all stationary D-HO states (nr, l, {µ}) we have that the position-momentum Fisher-
information-based uncertainty product is given by
F [ρnr,l,{µ}]× F
[
γnr ,l,{µ}
]
= 16
(
2nr + l − |m|+ D
2
)2
, (43)
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which satisfies and saturates not only the position-momentum Fisher-information-based uncertainty relation
F [ρ]× F [γ] ≥ 4D2 (44)
(valid for both the one-dimensional harmonic oscillators [54] and the general D-dimensional quantum systems with
real-valued position or momentum wavefunctions [75]), but also the position-momentum Fisher-information-based
uncertainty relation
F [ρ]× F [γ] ≥ 16
(
l +
D
2
)2 [
1− 2 |m|
2l+D − 2
]2
, (45)
which holds for all the stationary states of D-dimensional single-particle systems with a central potential [71,76]. From
Equation (43) one observes that the last two inequalities get saturated by the (nodeless) ground state of the D-HO
system.
4.2 The Shannon entropies
The Shannon entropy for the generic D-dimensional oscillator-like state with the position probability density ρ(r)
given by Equations (9) and (10) in Cartesian and hyperspherical units, respectively, is defined [38] by
S[ρ] := −
∫
RD
ρ(r) log ρ(r) dr. (46)
This quantity is a global spreading measure of the state’s density which does not depend on any specific point of its
multidimensional domain. It quantifies the total spreading of the density. Moreover, it describes a global uncertainty
measure so that the higher this quantity is, the more delocalized is the density, the higher is the uncertainty and the
smaller is the accuracy in predicting the localization of the particle. The corresponding quantity for the probability
density γ(p) in momentum space will be denoted by S[γ].
The computation of the Shannon entropy for an arbitrary oscillator-like state in hyperspherical units has not yet
been explicitly obtained by means of the state’s hyperquantum numbers. Basically, the reason is that (a) this physical
entropy depends on the entropy-like functional of the Laguerre polynomials and the entropy-like functional of the
hyperspherical harmonics which ultimately can be expressed in terms of the entropy-like functional of the Gegenbauer
polynomials) [22,24,77,78,79]; and (b) these two mathematical Laguerre and Gegenbauer entropies, which are given
by
E(yn) = −
∫ b
a
ωα(x) y
2
n(x) log y
2
n(x)dx, (47)
(where yn(x) = L(α)m (x), C(α)m (x) denote the Laguerre and Gegenbauer polynomials orthogonal with respect to the
weight function ωα(x) = x
αe−x, (1 − x2)α−1/2 defined on the interval (a, b) = (0,∞), (−1, 1), respectively), have not
been analytically found in terms of the polynomial parameters up until now despite so many efforts [22,24,80,81,82].
Moreover, the numerical determination of these quantities is not at all trivial [50] as mentioned above.
Indeed, in hyperspherical coordinates the position Shannon entropy for an arbitrary D-dimensional oscillator-
like state characterized by the probability density ρnr ,l,{µ}(r) is given, according to Equation (10) and (46), by
S[ρnr,l,{µ}] = −
∫
RD
ρnr ,l,{µ}(r) log ρnr,l,{µ}(r) dr (48)
= S[ρnr,l] + S[ρl,{µ}], (49)
where the radial part [24] is given by
S[ρnr ,l] = −
∫
RD
ρnr,l(r) log ρnr,l(r) dr
= −
∫ ∞
0
2ωD/2r˜1−D/2ωl+D/2−1(r˜)[L˜(l+D/2−1)nr (r˜)]2
× log{2ωD/2r˜1−D/2ωl+D/2−1(r˜)[L˜(l+D/2−1)nr (r˜)]2}rD−1 dr
= − log(2ωD/2) + E
(
L˜(l+D/2−1)nr
)
− l
∫ ∞
0
ωl+D/2−1(r˜)[L˜(l+D/2−1)nr (r˜)]2 log(r˜) dr˜
+
∫ ∞
0
r˜ ωl+D/2−1(r˜)[L˜(l+D/2−1)nr (r˜)]2 dr˜
= 2nr + l +D/2 − log 2− l ψ(nr + l +D/2) + E
(
L˜(l+D/2−1)nr
)
− D
2
log ω, (50)
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where E
(
L˜(α)n
)
denotes the entropy of the orthonormal Laguerre polynomials L˜(α)n (x) given by Equation (47).
On the other hand, the angular part [77,24] is
S[ρl,{µ}] = −
∫
ΩD−1
ρl,{µ} (ΩD−1) log ρl,{µ} (ΩD−1) dΩD−1
= −
∫
ΩD−1
|Yl,{µ}(ΩD−1)|2 log |Yl,{µ}(ΩD−1)|2dΩD−1 ≡ E
[Yl,{µ}] (51)
= B1(l, {µ} , D) +
D−2∑
j=1
E
(
C˜
(αj+µj+1)
µj−µj+1
)
, D ≥ 2, (52)
where the symbol E
(
C˜
(λ)
n
)
denotes the entropy-like functional of the orthonormal Gegenbauer polynomial C˜
(λ)
n (x) with respect
to the weight function ω∗λ(x) = (1− x2)λ−1/2 given by Equation (47), and the constant
B1(l, {µ} , D) = log 2pi − 2
D−2∑
j=1
µj+1
[
ψ(2αj + µj + µj+1 − ψ(αj + µj)− log 2− 1
2(αj + µj)
]
. (53)
Note that the angular entropy E [Yl,{µ}] does not depend on nr and, moreover, its maximum value
E [Y0,{0}] = log 2piD/2
Γ
(
D
2
) , (54)
which occurs for the S-wave states, i.e. when (l, {µ}) = (0, {0}), is equal to log(2pi) and log(4pi) for D = 2 and 3, respectively.
See [24,81,82] for the analytical determination of the entropy-like functional of Gegenbauer polynomials.
Then, the combination of Equation (49) and (52) leads to the expression
S[ρnr ,l,{µ}] = 2nr + l +D/2 − log 2− l ψ(nr + l +D/2) +B1(l, {µ} , D)
+ E
(
L˜(l+D/2−1)nr
)
+
D−2∑
j=1
E
(
C˜
(αj+µj+1)
µj−µj+1
)
− D
2
log ω (55)
for the total Shannon entropy of the D-dimensional oscillator state characterized by the hyperspherical quantum numbers
(nr, l, {µ}) in position space. Similar operations get rise to the corresponding expression in momentum space S[ρnr ,l,{µ}], so
that taking into account Equation (13) one has
S[ρnr ,l,{µ}] +
D
2
log ω = S[γnr ,l,{µ}]−
D
2
log ω. (56)
Unfortunately, these position and momentum Shannon quantities cannot be found because the involved entropy-like Laguerre
and Gegenbauer polynomials are not yet known up until now [22,24,80,81,82].
Then, to calculate the Shannon entropy for an arbitrary oscillator-like state it is more convenient to work in Cartesian
coordinates [83] so that, according to Equation (9), the expression (Equation (46)) can be written in terms of the Cartesian
quantum numbers {ni} ≡ (n1, n2, . . . , nD) as
S[ρ{ni}] = −
∫
RD
ρ{ni}(x1, . . . , xD) log[ρ{ni}(x1, . . . , xD)] dx1 · · · dxD =
3∑
i=1
ID,i (57)
where the symbols {ID,i; i = 1, 2, 3} denote three integral functionals of univariate Hermite polynomials. The first two integrals
can be evaluated in a straightforward manner by using the elegant algebraic properties of the orthogonal Hermite polynomials
[57], obtaining the expression
ID,1 = −N 2 log
(N 2) ∫
RD
e−α
′(x21+x
2
2+...+x
2
D)
[
ΠDi=1H
2
ni(
√
α′ xi)
]
dx1 · · · dxD
=
(
D∑
i=1
ni
)
log 2 +
D∑
i=1
log(ni!) +
D
2
log
( pi
α′
)
(58)
(where α′ = ω
1
4 ) for the first integral, and
ID,2 = α′N 2
∫
RD
e−α
′(x21+x
2
2+...+x
2
D)
[
ΠDi=1H
2
ni(
√
α′ xi)
]
(x21 + x
2
2 + . . .+ x
2
D) dx1 . . . dxD
= N +
D
2
(59)
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for the second integral, where N = n1 + . . .+ nD. The third integral can be expressed as
ID,3 = −N 2
∫
RD
e−α
′(x21+x
2
2+...+x
2
D)
[
ΠDi=1H
2
ni(
√
α′ xi)
]
log
[
ΠDi=1H
2
ni(
√
α′ xi)
]
dx1 · · · dxD
= − 1√
pi
[
ΠDi=1
1
2nini!
E(Hni)
]
(60)
in terms of the entropy-like functional E(Hni) of the orthogonal Hermite polynomials previously found by various authors [84,
85],
E(Hn) ≡
∫ ∞
0
[Hn(x)]
2 log[Hn(x)]
2e−x
2
dx = 2nn!
√
pi log(22n)− 2
n∑
k=1
Vn(xn,k). (61)
The symbol {xn,k; k = 1, . . . , n} denote the roots of the Hermite polynomial Hn(x), and Vn(x) is known as the logarithmic
potential of the Hermite polynomial Hn(x) which is given by
Vn(x) = 2nn!
√
pi
[
log 2 +
γE
2
− x2 2F2
(
1, 1;
3
2
, 2;−x2
)
+
1
2
n∑
i=1
(
n
k
)
(−1)k2k
k
1F1
(
1;
1
2
;−x2
)]
, (62)
where γE = 0.57721566 is the Euler constant, 1F1(a1; b1; z) and 2F2(a1, a2; b1, b2; z) are well-known generalized hypergeometric
functions [57].
Then, by combining the Equation (57) - (62) it turns out that the position Shannon entropy of the D-dimensional oscillator-
like state is given by
S[ρ{ni}] = A(D; {ni}; {xni,i}) +
D
2
log
(e pi
α′
)
, (63)
where the symbol A(D; {ni}; {xni,i}) denotes
A(D; {ni}; {xni,i}) = N log(2e1+γE ) +
D∑
i=1
log(ni!)
−2
(
n1∑
i=1
x2n1,i 2F2
(
1, 1;
3
2
, 2;−x2n1,i
)
+ . . .+
nD∑
i=1
x2nD ,i 2F2
(
1, 1;
3
2
, 2;−x2nD ,i
))
+
n1∑
k=1
(
n1
k
)
(−1)k2k
k
n1∑
i=1
1F1
(
k;
1
2
;−x2n1,i
)
+ . . .+
nD∑
k=1
(
nD
k
)
(−1)k2k
k
nD∑
i=1
1F1
(
k;
1
2
;−x2nD,i
)
,
(64)
in terms of the Cartesian quantum numbers {ni} ≡ (n1, n2, . . . , nD) of the state, where N = n1 + . . . + nD. In the particular
case D = 1 one obtains
S[ρn1 ] = log(2
n1n1!
√
pi) + n1 +
1
2
+ n1γE − 2
n1∑
i=1
x2n1,i 2F2
(
1, 1;
3
2
, 2;−x2n1,i
)
+
n1∑
k=1
(
n1
k
)
(−1)k2k
k
n1∑
i=1
1F1
(
k;
1
2
;−x2n1,i
)
, (65)
which is the position Shannon entropy for the one-dimensional harmonic oscillator previously found [85].
Now, taking into account the simple relation in Equation (13) between position and momentum oscillator densities, we can
obtain with similar operations that the momentum Shannon entropy of the D-dimensional oscillator-like state can be expressed
as
S[γ{ni}] = A(D; {ni}; {xni,i}) +
D
2
log(e pi α′). (66)
From Equation (63) and (66) we observe that both position and momentum Shannon entropies of the multidimensional harmonic
oscillator depend only on the space dimensionality, D, the D Cartesian quantum numbers and the location of the roots of
the Hermite polynomials which control the position wavefunctions of the harmonic state. In addition, for the ground state
{ni = 0; i = 1, ..., D} one has that A = 0 because all the involved sums vanish so that we find the known values
S[ρ{0,...,0}] =
D
2
log
(e pi
α′
)
; S[γ{0,...,0}] =
D
2
log(e pi α′) (67)
for the position and momentum Shannon entropies, respectively. Note that, by summing Equation (63) and (66), one finds the
position-momentum entropic sum for the D-dimensional oscillator
S[ρ{ni}] + S[γ{ni}] = 2A(D; {ni}; {xni,i}) +D log(epi), (68)
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which fulfills the well-known Shannon-information-based uncertainty relation of Bialynicki-Birula and Mycielski (BBM) [86,87]
given by
S[ρ{ni}] + S[γ{ni}] ≥ D log(epi). (69)
Moreover, for the ground state {ni = 0, i = 1, ..., D} one has from Equation (67) that the ground state value S[ρ{0,...,0}] +
S[γ{0,...,0}] = D log(e pi) saturates the BBM entropic uncertainty indeed.
4.3 The Re´nyi entropies
The Re´nyi entropy for the generic D-dimensional oscillator-like state with the position probability density ρ(r) given by Equation
(9) and (10) in Cartesian and hyperspherical units, respectively, is defined [40] by
Rq [ρ] =
1
1− q log
∫
RD
[ρ(r)]q dr, 0 < q <∞, q 6= 1. (70)
These measures quantify numerous facets of the spreading of the quantum probability density ρ(r), which include the in-
trinsic randomness (uncertainty) and the geometrical profile of the quantum system. They include numerous relevant quan-
tities as special cases, such as e.g. the disequilibrium 〈ρ〉 = exp(−R2[ρ]) and the (previously considered) Shannon entropy
S[ρ] = limp→1Rp[ρ]. The corresponding quantities for the probability density γ(p) in momentum space will be denoted by
Rq[γ]. As measures of uncertainty the Re´nyi entropies, which have very important physico-mathematical properties per se [88,
89,90,91,92,93], allow for a much wider quantitative range of applicability than the Heisenberg-like measures which are based
on the variance of the density and their generalizations, the radial expectation values. This allows, for example, a quantitative
discussion of quantum uncertainty further beyond the conventional Heisenberg-like uncertainty [94,95].
The computation of the Re´nyi entropies for an arbitrary oscillator-like state in hyperspherical coordinates have not yet
been explicitly obtained by means of the state’s hyperquantum numbers for reasons similar to the Shannon case. Indeed, in this
case the position Re´nyi entropies for an arbitrary D-dimensional oscillator-like state characterized by the probability density
ρnr,l,{µ}(r) is given, according to Equation (10) and (70), by
Rq [ρnr,l,{µ}] =
1
1− q log
∫
RD
[ρnr,l,{µ}(r)]
q dr (71)
= Rq [ρnr,l] +Rq[ρl,{µ}], (72)
where the symbols Rq[ρnr ,l] and Rq[ρl,{µ}] denote the radial and angular Re´nyi entropies for the D-dimensional harmonic state,
respectively. The radial Re´nyi entropies are given [60] by
Rq [ρnr ,l] =
1
1− q log
∞∫
0
[ρnr ,l(r)]
q rD−1dr
= − log(2ωD2 ) + 1
1− q logNnr ,l(D, q), (73)
(we used Equation (10) to write the second equality) in which the symbol Nnr ,l(D, q) denotes the following weighted Lq-norm
of the orthogonal and orthonormal Laguerre polynomials
Nnr ,l(D, q) =
(
nr!
Γ (α+ nr + 1)
)q ∫ ∞
0
rα+lq−le−qr
[
L(α)nr (r)
]2q
dr
=
∞∫
0
([
L˜(α)nr (x)
]2
wα(x)
)q
xβ dx , q > 0 , (74)
respectively, with α = l + D
2
− 1 , l = 0, 1, 2, . . . , q > 0 and β = (1− q)(α− l) = (p− 1)(1−D/2). These values guarantee the
convergence of this integral functional; i.e., the condition β+ qα = D
2
+ lq− 1 > −1 is always satisfied for physically meaningful
values of the parameters. Note that the radial Re´nyi entropies depend on the oscillator parameters (ω,D) and the radial and
orbital hyperquantum numbers (nr, l) only.
The angular Re´nyi entropies are given by
Rq [ρl,{µ}] = Rq [Yl,{µ}] := 1
1− q logΛq [Yl,{µ}], (75)
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where Λq [Yl,{µ}] denotes the entropic moments of the hyperspherical harmonics [96],
Λq [Yl,{µ}] =
∫
ΩD−1
|Yl,{µ}(ΩD−1)|2q dΩD−1
= N 2ql,{µ}
∫
ΩD−1
D−2∏
j=1
[C
(αj+µj+1)
µj−µj+1
(cos θj)]
2q(sin θj)
2qµj+1 dΩD−1
= 2piN 2ql,{µ}
D−2∏
j=1
∫ pi
0
[C
(αj+µj+1)
µj−µj+1
(cos θj)]
2q(sin θj)
2qµj+1+2αj dθj , (76)
where the normalization constant Nl,{µ} is given by
N 2l,{µ} = 12pi
D−2∏
j=1
(αj + µj)(µj − µj+1)![Γ (αj + µj+1)]2
pi 21−2αj−2µj+1Γ (2αj + µj + µj+1)
. (77)
Note that, according to Equation (7) and (75), the hyperspherical harmonics Yl,{µ}(ΩD−1) and consequently the angular Re´nyi
entropies Rq [Yl,{µ}] do not depend on the radial hyperquantum number nr, but they do depend on the dimensionality D and
the angular hyperquantum numbers.
Similar operations in momentum space allow us to obtain the corresponding expressions for the momentum Re´nyi entropies
Rq[γnr ,l,{µ}] for any D-dimensional harmonic state, so that taking into account Equation (13) one has
Rq[ρnr ,l,{µ}] +
D
2
log ω = Rq[γnr ,l,{µ}]−
D
2
log ω. (78)
From Equation (73) and (76) one can note that the determination of the radial and angular Re´nyi entropies of theD-dimensional
harmonic systems in hyperspherical coordinates are controlled by some power-like integral functionals of the Laguerre and
Gegenbauer polynomials, which have not yet explicitly found. Let us here point out that they can be analytically tackled by
two recent methodologies: one based on the Srivastava’s linearization method [97] and another one based on the combinatorial
Bell polynomials [98]. To illustrate that this is possible, we tackle in subsection 4.4 the calculation of the disequilibrium of the
D-dimensional harmonic systems which corresponds to the simplest case q = 2 of the Re´nyi entropies.
Then, it seems natural to compute the Re´nyi entropies for an arbitrary oscillator-like state by operating in Cartesian
units [27]. So, let us now calculate the Re´nyi entropies Rq[ρ{ni}], q 6= 1, given by Equation (70) for a generic state characterized
by the Cartesian quantum numbers {ni} ≡ (n1, n2, . . . , nD). This quantity, according to Equation (9), can be expressed as
Rq [ρ{ni}] =
1
1− q log
∫ ∞
−∞
dx1 . . .
∫ ∞
−∞
dxD [ρ{ni}](r)]
q
=
1
1− q log
(
N 2q
[
ΠDi=1
∫ ∞
−∞
e−α
′qx2i
∣∣∣Hni(√α′ xi)∣∣∣2q dxi
])
. (79)
Then, we calculate these integral functionals Hermite polynomials by linearizing the involved Hermite powers a` la Srivastava,
which means [97] by using the following linearization relation for the (2q)-th power of the Hermite polynomials
∣∣∣Hn (√α′x)∣∣∣2q = An,q(ν)q−qν ∞∑
j=0
1
(−1)22jj! cj
(
qν, 2q,
1
q
,
n− ν
2
, ν − 1
2
,−1
2
)
H2j(
√
α′qx), (80)
with the expansion coefficients
cj
(
qν, 2q,
1
q
,
n− ν
2
, ν − 1
2
,−1
2
)
=
=
(
1
2
)
qν
(
n+ν−1
2
n−ν
2
)2q
F
(2q+1)
A

qν + 1
2
;
2q︷ ︸︸ ︷
ν − n
2
, . . . ,
ν − n
2
,−j
;
1
q
, . . . ,
1
q︸ ︷︷ ︸
2q
, 1
ν +
1
2
, . . . , ν +
1
2︸ ︷︷ ︸
2q
, 1
2

, (81)
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where the symbol F
(s)
A (x1, . . . , xs) denotes the Lauricella function of type A of s variables and 2s+1 parameters defined as [98,
99]
F
(s)
A
 a; b1, . . . , bs
c1, . . . , cs
; x1, . . . , xs
 = ∞∑
j1,...,js=0
(a)j1+···+js(b1)j1 · · · (bs)js
(c1)j1 · · · (cs)js
xj11 · · ·xjss
j1! · · · js! (82)
and (z)a =
Γ (z+a)
Γ (z)
is the known Pochhammer’s symbol.
Finally, the combination of Equation (79) and (81) allows us to express the Re´nyi entropy of order q for the oscillator-like
state with Cartesian quantum numbers {ni} ≡ (n1, n2, . . . , nD) as follows
Rq[ρ{ni}] = −
D
2
log
[
α′
]
+KqD +Kq NO + q
q − 1
D∑
i=1
(−1)ni log
[(
ni + 1
2
)
1
2
]
+
1
1− q
D∑
i=1
log [Fq(ni)] ,
(83)
where
Kq = log[pi
q− 1
2 q
1
2 ]
q − 1 ; Kq =
1
1− q log
[
4q Γ
(
1
2
+ q
)
pi
1
2 qq
]
(84)
and the symbol Fq(ni) denotes the following multivariate Lauricella function of type A:
Fq(n) ≡ F (2q+1)A

qν + 1
2
; ν−n
2
, . . . , ν−n
2
, 0
; 1
q
, . . . , 1
q
, 1
ν + 1
2
, . . . , ν + 1
2
, 1
2
 = F (2q)A

qν + 1
2
; ν−n
2
, . . . , ν−n
2
; 1
q
, . . . , 1
q
ν + 1
2
, . . . , ν + 1
2

=
∞∑
j1,...,j2q=0
(
qν + 1
2
)
j1+...j2q
( ν−n
2
)j1 · · · ( ν−n2 )j2q
(ν + 1
2
)j1 · · · (ν + 12 )j2q
(
1
q
)j1 · · ·( 1
q
)j2q
j1! · · · j2q !
=
n−ν
2∑
j1,...,j2q=0
(
qν + 1
2
)
j1+...j2q
( ν−n
2
)j1 · · · ( ν−n2 )j2q
(ν + 1
2
)j1 · · · (ν + 12 )j2q
(
1
q
)j1 · · ·( 1
q
)j2q
j1! · · · j2q ! . (85)
Note that this Lauricella function is reduced to a finite sum because ν−n
2
is always a negative integer number. Moreover, for
convenience, we have used the notation NO =
∑D
i=1 νi for the amount of odd numbers ni; so that NE = D − NO gives the
number of the even ones.
Summarizing, the expression in Equation (83) allows for the analytical determination of the Re´nyi entropies (with positive integer
values of q) for any arbitrary state of the multidimensional harmonic systems. For the ground state (i.e., ni = 0, i = 1, . . . , D;
so, N = 0) this general expression boils down to
Rq [ρ{0}] =
D
2
log
[
pi q
1
q−1
α′
]
. (86)
In fact, this ground state Re´nyi entropy holds for any q > 0 as one can directly obtain from Equation (79).
Taking into account that the momentum density is a re-scaled form of the position density, we have the following expression
for the associated momentum Re´nyi entropy,
Rq˜[γ{ni}] =
D
2
log
[
α′
]
+Kq˜ D +Kq˜ NO + q˜
q˜ − 1
D∑
i=1
(−1)ni log
[(
ni + 1
2
)
1
2
]
+
1
1− q˜
D∑
i=1
log [Fq˜(ni)] ,
(87)
(q˜ ∈ N). Although Equation (83) and (87) rigorously hold for q 6= 1 and q ∈ N only, it is reasonable to conjecture its general
validity for any q > 0, q 6= 1 provided the formal existence of a generalized function Fq(n).
Finally, from Equation (83) and (87) we have that the general expression for the position-momentum Re´nyi entropic sum is
Rq [ρ{ni}] +Rq˜ [γ{ni}] = (Kq +Kq˜)D + (Kq +Kq˜)NO +
(
q
q − 1 +
q˜
q˜ − 1
) D∑
i=1
(−1)ni log
[(
ni + 1
2
)
1
2
]
+
1
1− q
D∑
i=1
log [Fq(ni)] +
1
1− q˜
D∑
i=1
log [Fq˜(ni)] , (88)
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which verifies the Re´nyi-entropy-based uncertainty relation of Zozor-Portesi-Vignat [95] when 1
q
+ 1
q˜
≥ 2 for arbitrary quantum
systems. In the conjugated case q˜ = q∗ such that 1
q
+ 1
q∗
= 2, one obtains
Rq[ρ{ni}] +Rq∗ [γ{ni}] = D log
(
piq
1
2q−2 q∗
1
2q∗−2
)
+ (Kq +Kq∗)NO
+
1
1− q
D∑
i=1
log [Fq(ni)] +
1
1− q∗
D∑
i=1
log [Fq∗(ni)] . (89)
Let us finally remark that the first term corresponds to the sharp bound for the general Re´nyi-entropy-based uncertainty relation
Rq [ρ{ni}] +Rq∗ [γ{ni}] ≥ D log
(
piq
1
2q−2 q∗
1
2q∗−2
)
(90)
with conjugated parameters [94,95].
4.4 The disequilibrium
Let us now calculate in hyperspherical units the disequilibrium for a D-dimensional oscillator-like state with the position
probability density ρ(r) ≡ ρnr,l,{µ}(r) given by Equation (10). This quantity (also called informational energy), which quantifies
the departure of ρ(r) from equiprobability, is defined as
D[ρ] ≡ 〈ρ〉 =
∫
RD
[ρ(r)]2 dr (91)
So, it is closely related to the second order Re´nyi entropy as mentioned above. From Equation (10) and (91), the disequilibrium
can be expressed as
D[ρnr ,l,{µ}] = D[ρnr ,l]×D[ρl,{µ}] (92)
where
D[ρnr ,l] ≡ 〈ρnr,l〉 =
[
2nr!ω
l+D
2
Γ
(
nr + l +
D
2
)]2 ∫ ∞
0
r4l+D−1e−2ωr
2
[
L(l+D/2−1)nr (ωr
2)
]4
dr (93)
and
D[ρl,{µ}] = 〈ρl,{µ}〉 =
∫
ΩD
|Yl,{µ}(ΩD)|4 dΩD. (94)
are the radial and angular parts of the disequilibrium, respectively.
To evaluate the radial part D[ρnr ,l] we apply twice the linearization formula (see e.g. [100] and references therein)
[L(α)n (x)]
2 =
Γ (α+ 1 + n)
22nn!
n∑
k=0
(
2n− 2k
n− k
)
(2k)!
k!
1
Γ (α+ 1 + k)
L
(2α)
2k (x),
and then we use the following integral involving the product of two Laguerre polynomials (see e.g. [100] and references therein)
∫ ∞
0
xse−xL(α)n (x)L
(β)
m (x) dx = Γ (s+ 1)
min(2k,2k′)∑
r=0
(−1)m+n
(
s− α
n− r
)(
s− β
m− r
)(
s+ r
r
)
,
to finally obtain the expression
D[ρnr ,l] = ω
D
2 21−
D
2
−l−4nr Γ
(
D
2
+ 2l
) nr∑
k,k′=0
min(2k,2k′)∑
r=0
(
2nr − 2k
nr − k
)(
2nr − 2k′
nr − k′
)
× (2k)!
k!
(2k′)!
k′!
1
Γ (l+D/2 + k)
1
Γ (l +D/2 + k′)
(
1−D/2
2k − r
)(
1−D/2
2k′ − r
)(
2l +D/2− 1 + r
r
)
.
(95)
For physical interest and checking, let us point out that for the ground state (nr = 0, l = 0) we have that D[ρ0,0] = ωD/2
2
D
2
−1
.
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To evaluate the angular part D[ρl,{µ}] given by Equation (94), we use the expression (Equation (7)) of the hyperspherical
harmonics and the orthonormal Gegenbauer polynomials together with the D-dimensional solid angle element to write that
D[ρl,{µ}] = 1
2pi
D−2∏
j=1
∫ +1
−1
|C˜(αj+µj+1)µj−µj+1 (xj)|
4ωαj+2µj+1 (xj)dxj
=
1
2pi
D−2∏
j=1
∫ +1
−1
|C˜(λ)n (xj)|4ωλ+µj+1(xj)dxj , (96)
with the change of variable θj → xj = cos θj in the first equality, and the notation λ = αj + 2µj+1 and n = µj − µj+1 in
the second equality. To evaluate the integral involved in Equation (96) we shall use twice the following Dougall’s linearization
formula for the orthonormal Gegenbauer polynomials [79]
[
C˜(λ)n (x)
]2
=
n∑
k=0
b(λ, λ+ µj+1, n; k)C˜
(λ+µj+1)
2k (x), (97)
where
b(λ, λ+ µj+1, n; k) =
(n+ λ)Γ (k + 1/2)Γ (k + λ)Γ (k + n+ 2λ)Γ (λ+ µj+1)
pi1/2Γ (1− k + n)Γ (k + λ+ 1/2)Γ (k + 2λ)Γ (2k + λ+ µj+1)
×
(
21−2λ−2µj+1Γ (2k + 2λ + 2µj+1)
(2k + λ+ µj+1)Γ (2k + 1)Γ 2(λ+ µj+1)
)1/2
× 4F3
 k − n, k + n+ 2λ, k + λ, k + λ+ µj+1 + 12
2k + λ+ µj+1 + 1, k + 2λ, k + λ+
1
2
1
 , (98)
and the symbol 4F3(1) denotes the well-known generalized hypergeometric function 4F3(z) [57] evaluated at z = 1. Then, we
finally obtain the expression [79]
D[ρl,{µ}] = 1
2pi
D−2∏
j=1
n∑
k=0
b2(λ, λ+ µj+1, n; k)
=
1
2pi
D−2∏
j=1
µj−µj+1∑
k=0
b2(αj + µj+1, αj + 2µj+1, µj − µj+1; k) (99)
for the angular part of the disequilibrium of any D-dimensional stationary state of a central potential. This expression can
be simplified much more because the function 4F3(z) boils down to a 3F2(z) as indicated in [79]. Even more, the resulting
expression can be much further reduced for specific states with D = 2 and 3, obtaining D[ρl] = 12pi , and
D[ρl,m] =
2l∑
l′=0
(
lˆ2 lˆ′√
4pi
)2 l l l′
0 0 0
2 l l l′
m m −2m
2 , (100)
respectively, where the notation lˆ =
√
2l + 1 and the 3j-symbols [57] have been used. In fact the last expression can be
alternatively derived by using the integrals of the product of four hyperspherical harmonics given by Equation (94), and similar
integrals with a bigger number of hyperspherical harmonics, which appear in classical and quantum-mechanical non-relativistic
[58] and relativistic [101,102] problems. Note that for S-wave states (l = m = 0) we have that D[ρ0,0] = 0.
5 The entropy-like measures of Rydberg oscillator states
The dispersion facets of the multidimensional spreading for the Rydberg oscillator-like states (i.e., states with high and very
high radial hyperspherical quantum number nr) have been previously determined in subsection 3.2 by means of the radial
expectation values. Later, in subsection 3.3, we can observe that the multidimensional Rydberg spreading facets given by the
(local) Fisher informations have the values F
(R)
ρ ∼ 4nr ω and F (R)γ ∼ 4nrω in position and momentum spaces, respectively. In
this section we will study the information-theoretical facets of the multidimensional Rydberg spreading by means of the (global)
Shannon and Re´nyi entropies of the quantum probability densities given by Equation (10) and (13).
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5.1 The Shannon entropy of Rydberg states
The Shannon entropy for an arbitrary D-dimensional oscillator-like state characterized by the hyperspherical quantum numbers
(nr, l, {µ}) ≡ (nr, µ1, µ2, . . . , µD−1) is given, according to Equation (49) and (51), by
S[ρnr ,l,{µ}] +
D
2
log ω = 2nr + l +D/2− log 2− l ψ(nr + l +D/2) + E
(
L˜(l+D/2−1)nr
)
+ E [Yl,{µ}].
(101)
To evaluate this expression for Rydberg states (i.e., in the limit nr →∞) we take into account the asymptotics of the digamma
or Psi function ψ
(
l + D
2
+ nr
) ∼ log nr [57] and the strong asymptotics of Laguerre polynomials [46,69] which gives the following
asymptotic behavior for the entropy-like functional Eβ
(
L˜(α)n
)
of orthonormal Laguerre polynomials [69]:
Eβ
(
L˜(α)n
)
:=
∫ ∞
0
xβωα(x)[L˜(α)n (x)]2 log [L˜(α)n (x)]2 dx
=
22β+2Γ (β + 3/2)√
pi Γ (β + 2)
nβ+1 − 2
2β(α+ 1)Γ (β + 1/2)√
pi Γ (β + 1)
nβ log n+
22β−1Γ (β + 1/2)√
pi Γ (β + 1)
[2(α+ 1)ψ(β + 1)
−(2α+ 1)ψ(β + 1/2) − 2 log pi − 4(α− 1) log 2 + γE + 4 + 2(α+ 2β) + 4αβ]nβ + o(nβ),
(102)
which holds for any real α > −1. From this expression, since Eβ
(
L˜(α)n
)
:= −E0
(
L˜(α)n
)
, we have the following asymptotical
behavior for the entropy of orthonormal Laguerre polynomials
E
(
L˜(α)nr
)
= −2nr + (α+ 1) log nr − α− 2 + log(2pi) + o(1), (103)
so that from Equation (48) and (103) we finally have the expression
S[ρnr ,l,{µ}] +
D
2
log ω ≃ D
2
log nr + log pi − 1 + E [Yl,{µ}] (104)
for the dominant term of the position Shannon entropy for the D-dimensional oscillator-like state of Rydberg type, where the
angular part E [Yl,{µ}] is under control. Moreover, working similarly in momentum space, one has
S[γnr ,l,{µ}]−
D
2
log ω ≃ D
2
log nr + log pi − 1 + E [Yl,{µ}] (105)
for the dominant term of the momentum Shannon entropy for the D-dimensional oscillator-like state of Rydberg type, in
consistence with the previous general expression in Equation (56). The sum of these two last expressions finally gives the
position-momentum Shannon-information sum for all stationary Rydberg states (nr >> 1, l, {µ}) of oscillators with a given
dimenionality D:
S[ρnr,l,{µ}] + S[γnr ,l,{µ}] ≃ log nr + 2
(
log pi − 1 + E [Yl,{µ}]
)
, (106)
where the angular Shannon entropy E [Yl,{µ}], which depend on (l, {µ}), D) but not on nr, is given by Equation (51) and (54).
Finally, let us highlight that this sum fulfills not only the Shannon-entropy uncertainty relation in Equation (69) which holds
for all D-dimensional quantum systems, but also the tighter Shannon-entropy uncertainty relation
S[ρnr ,l,{µ}] + S[γnr ,l,{µ}] ≥ Cl,{µ} (107)
where
Cl,{µ} = 2l +D + 2 log
[
Γ
(
l + D
2
)
2
]
− (2l +D − 1)ψ
(
l +
D
2
)
+(D − 1)
(
ψ
(
2l +D
4
)
+ log 2
)
+ 2 E [Yl,{µ}], (108)
valid for all D- dimensional quantum systems subject to arbitrary central potentials [103].
5.2 The Re´nyi entropy of Rydberg states
The Re´nyi entropies for an arbitrary D-dimensional oscillator-like state characterized by the hyperspherical quantum numbers
(nr, l, {µ}) ≡ (nr, µ1, µ2, . . . , µD−1) are given, according to Equation (72), (73) and (75), by
Rq[ρnr ,l,{µ}] = Rq[ρnr ,l] +Rq [Yl,{µ}] = − log(2ω
D
2 ) +
1
1− q logNnr ,l(D, q) +Rq[Yl,{µ}]. (109)
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To evaluate this expression for Rydberg states we have to determine the asymptotics of the weighted Lq-norm of the orthonormal
Laguerre polynomials, Nnr ,l(D, q), given by Equation (74), in the limit nr → ∞. This has been recently done [104] by using
the theory of the strong asymptotics of Laguerre polynomials [46,69] obtaining that the Re´nyi entropies of an arbitrary D-
dimensional harmonic state are
Rq [ρnr,l,{µ}] +
D
2
log ω ≃ 1
1− q logNasymp(nr, l,D, q) +Rq [Yl,{µ}], (110)
where the symbol Nasymp(nr, l, D, q) denotes the asymptotical value of the weighted Laguerre norm Nnr ,l(D, q) in the limit
nr →∞, which is given by
Nasymp(nr, l,D, q)

∼ C(β, q) (2nr)(1−q)D/2 , q ∈ (0, q∗)
=
2
piq+1/2n
q/2
r
Γ (q + 1/2)
Γ (q + 1)
(log nr +O(1)) , q = q
∗
∼ CB(α, β, q)n(q−1)D/2−qr , q > q∗
(111)
for q > 0, nr >> 1, l = 0, 1, 2, . . . and D > 2 [104]. The symbols q
∗ := D
D−1
, α = l+ D
2
−1, β = (1− q)(α− l) = (q−1)(1−D/2),
and the constants C and CB are given by
CB(α, β, q) := 2
∞∫
0
t2β+1|Jα(2t)|2q dt; C(β, q) := 2
β+1
piq+1/2
Γ (β + 1− q/2) Γ (1− q/2) Γ (q + 1/2)
Γ (β + 2− q)Γ (1 + q) , (112)
where Jα(z) denotes the Bessel function [57]. Note that Nasymp(nr, l,D, q) is constant (i.e., independent of nr) and equal to
CB(α, β, q) only when (q − 1)D/2− q = 0. This means that the constancy occurs either when D = 2qq−1 , or q = DD−2 . Moreover
the angular Re´nyi entropies, Rq[Yl,{µ}], which are given by Equation (75) and (76), do not depend on the radial hyperquanyum
number nr. They can be analytically expressed in terms of the angular hyperquantum numbers by means of the linearization of
the powers of the involved Gegenbauer polynomials either in terms of some generalized hypergeometric functions of Srivastava-
Karlsson type [97] or via the combinatorial Bell polynomials [105]. In addition, the Re´nyi entropies for the Rydberg states of
three-dimensional (D = 3) isotropic harmonic oscillator are discussed monographically in [105], where the angular part Rq[Yl,m]
is also explicitly given in terms of the orbital and magnetic quantum numbers by the two different methods just mentioned.
For the remaining cases D = 2 and D ∈ [0, 2), the total Re´nyi entropies of any D-dimensional oscillator-like state of Rydberg
type (i.e., characterized with the hyperspherical quantum numbers (nr >> 1, l, {µ}) are given by Equation (110), where the
asymptotical value Nasymp(nr, l,D, q) is explicitly given in refs. [104,106], respectively. The Re´nyi entropies for the Rydberg
states of one-dimensional (D = 1) isotropic harmonic oscillator (1D-HO) are examined monographically in [106] by means of the
strong asymptotics of the weighted Lq-norm of the Hermite polynomials, because these polynomials control the wavefunctions
of all the stationary states of the 1D-HO.
Taking into account Equation (78), one has that the momentum Re´nyi entropies for the Rydberg states is obtained from
the position Re´nyi entropies as
Rq [γnr ,l] = Rq [ρnr ,l] +D log ω, (113)
so that the position-momentum Re´nyi-entropy sum for the Rydberg harmonic states is
Rq [ρnr,l,{µ}] +Rp[γnr ,l,{µ}] ≃
2
1− q logNasymp(nr, l, D, q) + 2Rq [Yl,{µ}], (114)
which holds for q > 0, nr >> 1, l = 0, 1, 2, . . . and the asymptotical values Nasymp(nr, l,D, q) have been given above. As
expected, note that this sum does not depend on the oscillator strength ω. Moreover, it can be shown that it fulfills not only
the general Re´nyi entropy uncertainty relation for multidimensional quantum systems [94,95]
Rq1 [ρ{ni}] +Rq2 [γ{ni}] ≥ D log
(
piq
1
2q1−2
1 q2
1
2q2−2
)
,
with the conjugated parameters q1 and q2, but also the (conjectured) Re´nyi entropy uncertainty relation for multidimensional
quantum systems subject to a central potential [107].
6 Dispersion and information-theoretical properties of high-dimensional oscillator states
The dispersion facets of the multidimensional spreading for the pseudo-classical oscillator-like states (i.e., states with high and
very high D) have been previously determined in subsection 3.3 and 3.4 by means of the radial expectation values and their
Heisenberg uncertainty product. Later, in subsection 4.1, we have observed that the high-dimensional spreading facets given by
the (local) Fisher informations have the values F
(R)
ρ ∼ 2Dω and F (R)γ ∼ 2Dω in position and momentum spaces, respectively. In
this section we will study the information-theoretical facets of the high-dimensional spreading by means of the (global) Shannon
and Re´nyi entropies of the quantum probability densities given by Equation (10) and (13).
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6.1 The Shannon entropy of high-dimensional oscillators
Here let us show that the position Shannon entropy of the stationary D-dimensional oscillator-like states with given hyperquan-
tum numbers (nr, l, {µ}) in the limit D →∞ is given by
Snr ,l,{µ}(D) +
D
2
log ω =
1
2
D logD + O(D). (115)
To obtain this result we start from the general expression given in Equation (101) for the position Shannon entropy of the
D-dimensional harmonic state (nr, l, {µ}),
S[ρnr ,l,{µ}] +
D
2
log ω = 2nr + l +D/2 − log 2− l ψ(nr + l +D/2) + E
(
L˜(l+D/2−1)nr
)
+ E [Yl,{µ}]
= A2(nr, l, D) +B(l, {µ} , D) + E
(
L˜(α)nr
)
+
D−2∑
j=1
E
[
C˜(αj+µj+1)µj−µj+1
]
(116)
with α = l + D
2
− 1, 2αj = D − j − 1, A2(nr, l,D) = 2nr + α + 1 − log 2 − lψ(nr + α + 1) and the constant B(l, {µ} , D) is
given by Equation (53). Now, we have to evaluate the four terms of Equation (116) in the limit D → ∞, obtaining [109] the
expression
S[ρnr ,l,{µ}] +
D
2
log ω ∼ A2,∞ +B∞ + E
(
L˜∞
)
+ E(C˜∞), (117)
with the following values
A2,∞ = lim
D→∞
A2(nr, l,D) =
D
2
− l log
(
D
2
)
− l(nr + l − 1/2) 2
D
+ log
(
e2nr+l
2
)
=
D
2
+ o(D), (118)
B∞ = lim
D→∞
B(l, {µ} , D) = 2
D−2∑
j=1
nr [ logαj − logαj + O(1) ] = O(D) (119)
for the first two terms (which follow from the asymptotics of the digamma function mentioned above), and
E(L˜∞) = lim
D→∞
E
(
L˜(α)nr−l−1
) ∣∣∣
α=l+D/2−1
=
1
2
D logD − log 2 + 1
2
D +O(logD) (120)
E(C˜∞) = lim
D→∞
D−2∑
j=1
E
(
C˜(αj+µj+1)µj−µj+1
)
= O(logD), (121)
for the remaining two terms which correspond to the asymptotical values of the orthonormal Laguerre polynomials and the
summation of (D − 1) orthonormal Gegenbauer polynomials, respectively.
To obtain the expression given by Equation (120) we have used the parameter-asymptotics [109] for the Shannon-like integral
functional of the orthogonal Laguerre polynomials L(α)m (x),m ∈ Z+, which gives
I(L(α)m , σ) =
∫ ∞
0
xα+σ−1e−x
[
L(α)m (x)
]2
log
[
L(α)m (x)
]2
dx,
∼
√
2pi
(m− 1)!
(α
e
)α
ασ+m−
1
2 log α, α→∞, (122)
with σ ∈ R, where the symbol A ∼ B means that A/B → 1. Then, according to Equation (47) we have
E
(
L˜(α)nr
)
=
nr!E
(
L(α)nr
)
Γ (nr + α+ 1)
− log
[
nr!
Γ (nr + α+ 1)
]
= − nr!Γ (α+ 1)α
nr logα
(n− 1)!Γ (nr + α+ 1) − log
[
nr!
Γ (nr + α+ 1)
]
∼ log(Γ (nr + α+ 1)) − log nr!− nr logα
= α logα− α+ 1
2
logα+O(1)
=
1
2
D logD − log 2 + 1
2
D +
1
2
logD + O(1),
where we used α := D/2 + l − 1, E
(
L(α)n
)
= −I(L(α)n , 1), and the asymptotics log Γ (z) =
(
z − 1
2
)
log z − z +O(1) as z →∞.
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To prove the remaining expression given by Equation (121) we start from the Shannon-like integral functional of the
orthonormal Gegenbauer polynomials
E
(
C˜(α)m
)
= −
∫ 1
−1
(1− x2)α− 12 [C˜(α)m (x)]2 log
[
C˜(α)m (x)
]2
, (123)
which has the following parameter-asymptotical behavior [109]
E
(
C˜(α)m
)
∼ −2
[
log(m+ 2α− 1, m) + m
2
(
ψ
(
m+
1
2
)
− ψ(m+ α+ 1)
)]
∼ −m logα+ m(m+ 3)
2α
− m
2(α+m+ 1)
− 2m log 2−mψ
(
m+
1
2
)
+ log[Γ (m+ 1)]
∼ −m logα+ m(m+ 2)
2α
− 2m log 2−mψ
(
m+
1
2
)
+ log[Γ (m+ 1)], α→∞. (124)
Returning to the asymptotics of the angular Shannon entropy we notice that the sum
∑D−2
j=1 E
[
C˜
(αj+µj+1)
µj−µj+1
]
from Equation
(116) consists at most of n non-zero terms. It is because of E
[
C˜
(αj)
0
]
= 0 and l ≡ µ1 ≥ µ2 ≥ . . . ≥ |µD−1| ≥ 0. Thus, taking
into account the notation 2αj = D − j − 1, and the corollary from Equation (124)
E(C˜(α)m ) = O(log α),
we obtain the wanted (D→∞)-asymptotical behavior given by Equation (121).
Finally, in momentum space one can operate similarly to obtain
S[γnr ,l,{µ}]−
D
2
log ω =
1
2
D logD + O(D), (125)
for the dominant term of the momentum Shannon entropy for the D-dimensional oscillator-like state with high and very high D,
in consistence with the previous general expression given by Equation (56). The sum of the position and momentum expressions
in Equation (115) and (125) finally gives the following position-momentum Shannon-information sum for all stationary
high and very high dimensionality states, i.e.,D→∞ and fixed hyperquantum numbers (nr >> 1, l, {µ}):
S[ρnr ,l,{µ}] + S[γnr ,l,{µ}] = D logD + O(D). (126)
Note that this sum fulfills not only the Shannon-entropy uncertainty relation given in Equation (69), which holds for all D-
dimensional quantum systems, but also the tighter Shannon-entropy uncertainty relation [103] given by Equation (107) and
(108).
6.2 The Re´nyi entropy of high-dimensional oscillators
The Re´nyi entropies for an arbitrary D-dimensional oscillator-like state characterized by the hyperspherical quantum numbers
(nr, l, {µ}) are given, according to Equation (72) and (75), by
Rq[ρnr ,l,{µ}] = Rq[ρnr ,l] +Rq[Yl,{µ}]. (127)
The radial part Rq[ρnr ,l] can be expressed according to Equation (73), as
Rq[ρnr ,l] = − log(2ω
D
2 ) +
1
1− q logNnr ,l(D, q), (128)
where Nnr ,l(D, q) denotes the following weighted Lq-norm of the orthogonal Laguerre polynomials:
Nnr ,l(D, q) =
(
nr!
Γ (α+ nr + 1)
)q ∫ ∞
0
rα+lq−le−qr
[
L(α)nr (r)
]2q
dr, q > 0 , (129)
with α = l + D
2
− 1 , l = 0, 1, 2, . . . , q > 0 and β = (1− q)(α− l) = (p− 1)(1−D/2). The angular part, Rq[Yl,{µ}], is given by
Equation (75) and (76) in terms of some weighted Lq-norm of the orthogonal Gegenbauer polynomials.
Here we will determine the (D →∞)-asymptotical behavior of the position and momentum Re´nyi entropies ofD-dimensional
oscillator-like systems. In position space this problem reduces, according to Equation (127), to the evaluation of the radial and
angular Re´nyi entropies in the asymptotical limit (D →∞). This is done by using the parameter-asymptotics of the Lq-norms
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of Laguerre and Gegenbauer polynomials recently developed [49,60]. First, we observe that the Lq-norm of the orthogonal
Laguerre polynomials behaves asymptotically as
Nnr ,l(D, q) ∼
√
2pi
(nr!)q
ql(1−q)−1
( |q − 1|
q
)2qn
αα+q(l+2nr)−l+
1
2
[Γ (α+ nr + 1)]q
(qe)−α, (130)
so that, according to Equation (128), one has that the radial entropy behaves as
Rq [ρnr,l] ∼
1
2
D logD +
1
2
log
(
q
1
q−1
2ω e
)
D +
(
q nr
1− q −
1
2
)
logD, (131)
which holds for q > 0, q 6= 1. Moreover, similar operations with the parameter-asymptotics of the Lq-norms of Gegenbauer
polynomials allow for the following asymptotical behavior,
Rq [Yl,{µ}] ∼ −1
2
D logD +
1
2
D log(2epi) +
1
2
logD +
1
1− q log
(
E˜(D, {µ})qM˜(D, q, {µ})
)
,
(132)
of the angular Re´nyi entropy of the generic harmonic state with angular hyperquantum numbers (l, {µ}), which holds for every
non-negative q 6= 1. In Equation (132) we have used the following constants
E˜(D, {µ}) =
D−2∏
j=1
(αj + µj+1)
2(µj−µj+1) Γ (2αj + 2µj+1)
Γ (2αj + µj+1 + µj)
Γ (αj + µj+1)
Γ (αj + µj)
(133)
and
M˜(D, q, {µ}) ≡ 4q(l−µD−1)pi1−D2
D−2∏
j=1
Γ
(
q(µj − µj+1) + 12
)
Γ
(
µj − µj+1 + 1
)q . (134)
Note that E˜ = M˜ = 1 for any configuration with µ1 = µ2 = · · · = µD−1. Moreover, we have the values
Rq [Y0,{0}] ∼ log
(
2pi
D
2
Γ
(
D
2
))
∼ −D
2
log
(
D
2
)
+
D
2
log(epi) +
1
2
log
(
D
2
)
∼ −1
2
D logD +
1
2
D log(2epi) +
1
2
logD (135)
and
Rq [Yn−1,{n−1}] ∼ −1
2
D logD +
1
2
D log(2epi) +
1
2
logD +
1
1− q log
(
Γ ((n− 1)q + 1)
Γ (n)q
)
(136)
for the (ns) and circular states of high-dimensional harmonic states, respectively. See [60] for further details and to know how
to determine more terms in these asymptotical radial and angular developments.
Then, putting the radial and angular asymptotical expressions in Equation (131) and (132) into Equation (127) we obtain
the following value for the total position Re´nyi entropies for high-dimensional harmonic states:
Rq[ρnr ,l,{µ}] +
D
2
log ω ∼ D
2
log
(
q
1
q−1 pi
)
+
q nr
1− q logD
+
1
1− q log(E˜(D, {µ})
qM˜(D, q, {µ}) Cˆ(nr, l, q) 2−q nr ) (137)
where the constants, E˜(D, {µ}) and M˜(D, q, {µ}), are given by Equation (134) and (133), respectively, and Cˆ(nr, l, q) =
2q−1
(nr !)q
q−q(2nr+l) |q − 1|2nr q. Further algebraic manipulations have allowed for the following closed compact expression
Rq [ρnr,l,{µ}] +
D
2
log ω ≃ D
2
log
(
q
1
q−1 pi
)
+O(log D), q 6= 1 (138)
for the Re´nyi entropies of any high-dimensional oscillator-like state with fixed hyperquantum numbers in position space. Taking
into account Equation (78), one has that the momentum Re´nyi entropies for the high-dimensional harmonic states have the
expression
Rq [γnr,l,{µ}]−
D
2
log ω ∼ D
2
log
(
q
1
q−1 pi
)
+
q nr
1− q logD, q 6= 1 (139)
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for the Re´nyi entropies of high-dimensional oscillator-like states in momentum space. Note that, in both position and momentum
Re´nyi entropies, the oscillator-strength appears early in the dominant term and the dependence on the quantum numbers (nr, l)
does not appear up to the second term. In addition, we can also observe from Equation (137) and (139) that in the limit q → 1
one has
S[ρnr ,l,{µ}] ∼
D
2
log
(epi
ω
)
, (140)
S[γnr ,l,{µ}] ∼
D
2
log (epiω) (141)
for the position and momentum Shannon entropy of a general (nr, l, {µ})-state of the high-dimensional harmonic system.
The summation of the expressions Equation (137) and (139) allows us to have the following leading term for the joint
position-momentum Re´nyi uncertainty sum of a high-dimensional harmonic system [108] for a general state (nr, l, {µ}):
Rp[ρnr ,l,{µ}] +Rq[γnr ,l{µ}] ∼ D log
(
pip
1
2(p−1) q
1
2(q−1)
)
; D →∞, (142)
where 1
p
+ 1
q
= 2 (i.e., p
p−1
+ q
q−1
= 0 or q = p
2p−1
), which saturates the Re´nyi-entropy-based uncertainty relation [95]
Rq[ρ] +Rp[γ] ≥ D log
(
p
1
2(p−1) q
1
2(q−1) pi
)
, (143)
that holds for general quantum systems. Moreover, note that in the limiting case with q → 1 and p→ 1, the expression Equation
(142) gives the following dominant term of the position-momentum Shannon-entropy-based uncertainty sum
S[ρnr ,l,{µ}] + S[γnr ,l,{µ}] ∼ D(1 + log pi) (144)
which saturates the position-momentum Shannon-uncertainty-based relation in Equation (69) [86], what is a further checking
of our results.
7 Conclusion
We describe an analytical approach to determine the dispersion and entropy-like measures of multidimensional harmonic oscilla-
tor systems directly in terms of the hyperquantum numbers of the stationary states, the space dimensionality and the potential
strength. These physical measures quantify the various spreading/delocalization facets of the harmonic states, which are char-
acterized by their quantum probability densities in position and momentum spaces. This approach is based on the algebraic
and asymptotical properties of the special functions of mathematical physics (hyperspherical harmonics, classical orthogonal
polynomials, generalized hypergeometric functions) which are involved in the oscillator states’ wavefunctions.
For arbitrary oscillator states, whose wavefunctions are controlled by the Laguerre and Gegenbauer polynomials in hyper-
spherical units and by Hermite polynomials in Cartesian units, we conclude that the radial expectation values and the Fisher
information are best calculated in hyperspherical units, see Equations (15) and (16), as well as Equations (38) and (40). This
is basically because of the gradient-like functional form of the kinetic-energy operator and the Fisher information. However,
the Shannon and Re´nyi entropies of positive integer order and the disequilibrium for these states cannot be calculated in these
units because they are controlled by some logarithmic-like and power-like integral functionals of Laguerre and Gegenbauer
polynomials (then, ultimately by weighted Lq-norms of these orthogonal polynomials) whose determination is a mathematical
open problem nowadays despite so many efforts. On the contrary, in Cartesian units the Shannon entropy can be calculated,
see Equations (63) and (66), by means of the well-known roots of the Hermite polynomials with degrees equal to the state’s
hyperquantum numbers. Moreover, by using the linearization of powers of Hermite polynomials, the Re´nyi entropies of positive
integer order can be found by Equations (83) and (87) in terms of the Cartesian hyperquantum numbers. In addition, the
associated Heisenberg-like and entropic uncertainty relations have been examined and discussed.
For highly-excited Rydberg states we have shown that the dispersion and information-theoretical measures can be expressed
in a closed compact form by means of the hyperspherical quantum numbers. Indeed, they are given by Equation (25) for the
radial expectation values thanks to the weak* degree-asymptotics of some power-like functionals Laguerre polynomials, and
by Equations (104) and (110) for the Re´nyi and Shannon measures with the help of the strong degree-asymptotics of some
entropy-like functionals of Laguerre polynomials.
For high-dimensional oscillator systems we have explicitly determined the dominant term of the radial expectation values
and the Shannon and Re´nyi entropies in terms of the hyperquantum numbers by means of Equations (29), (115) and (138),
respectively, by means of the parameter-asymptotics of some power- and entropy-like functionals of Laguerre polynomials.
Moreover, indications to obtain further asymptotical terms are also given.
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We emphasize that this approach is not intended to replace proper, linear-algebra-based treatments of the localization/delocalization
topic. Instead it is meant to offer a brief, rigorous yet accessible and hands-on approach to it for multidimensional harmonic os-
cillators, that will hopefully motivate other researchers to pursue in the future more in-depth localization/delocalization studies
for other relevant quantum systems whose Schro¨dinger equations are analytically solvable by means of the special functions of
mathematical physics.
Finally, a number of issues remain open. For example, the determination of the Shannon and Re´nyi entropies directly by
means of the hyperspherical quantum numbers have not yet been found for arbitrary harmonic oscillator states up until now.
Basically, the reason is that these quantities in hyperspherical units are naturally expressed in terms of the logarithmic and
power-like integral functionals of the Laguerre and Gegenbauer orthogonal polynomials whose analytical evaluation is not yet
explicitly known. We have illustrated this difficult task by analyzing in detail the evaluation of the simplest second-order Re´nyi
entropy, the disequilibrium, in both hypersphherical and Cartesian coordinate systems. Moreover, it would be very helpful per
se and for its applications (a) to quantify the internal complexity of the multidimensional quantum systems, and (b) to extend
the present information-theoretically-based spreading study to reference modelling systems other than the harmonic oscillator.
This is analytically feasible at least for the small bunch of elementary multidimensional quantum potentials which are used to
approximate the mean-field potential of the physical many-body systems, such as e.g. the potentials of zero-range, Coulomb,
pseudo-harmonic, Kratzer, Morse,... (see e.g., [6,34,110,111,112,113,114,115,116,117,118]); then, the associated Schro¨dinger
equation is analytically solvable so that the quantum states of these reference systems are described by wavefunctions which are
controlled by special functions of mathematical physics. As well, it would be interesting to extend the generalized Heisenberg
expressions here found to quantum information [119]. Finally, the extension of the stationary study here shown and reviewed
remain to be done for the time-dependent multidimensional harmonic oscillators as well as to Dirac oscillators and some
anharmonic oscillators [120,121,122,123,124].
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